In this paper, we prove that under certain conditions, in a quasi-Einstein semiRiemannian warped product the fiber is necessarily a Einstein manifold. We provide all the quasi-Einstein manifolds when r-Bakry-Emery tensor is null, the base is conformal to an n-dimensional pseudo-Euclidean space, invariant under the action of an (n − 1)-dimensional translation group and the fiber is Ricci-flat. As an application, we have built a family of Ricci-flat Einstein warped product whose base is not locally conformally flat.
Introduction
In the early 1980s, in order to solve the Poincaré conjecture, Richard Hamilton proposed the initial value problem ∂ ∂t g(t) = −2Ric g(t) , g(0) = g 0 , which represents an evolution for a family of Riemannian metrics in a given differentiable manifold, where Ric g(t) is the Ricci tensor in the metric g(t), g 0 is a given initial metric and t is the deformation time. This initial value problem became known as the Ricci Flow (see [3] ). In his studies Hamilton realized that the Einstein manifolds were fixed points of the Ricci Flow, and then these manifolds became the subject of several researches.
In attempting to discover some properties of the Einstein manifolds, disturbances of the definition itself have arisen, for example the concept of quasi-Einstein manifolds. A Riemannian manifold (M n , g) n-dimensional is said quasi-Einstein to satisfy
with r ∈ (0, ∞], ρ ∈ R and f ∈ C ∞ (M) (see [9] ). The tensor on the left side of equality 
The definition of the quasi-Einstein manifolds is naturally extended to the semi-Riemannian case (see [11] ). In our work we will consider semi-Riemannian manifolds satisfying (2) with r ∈ N.
In [6] , the authors proved that a Riemannian warped product M = B × h F is Einstein 
where g B and g F represent the metrics of the base and fiber, respectively. We observe that the first equation of (3) tells us that B is quasi-Einstein and the second equation
shows that F is Einstein with Ricci constant curvature µ satisfying the third. In the same work, these authors have shown that if a manifold B satisfies the first equation of (3), then the torsion function h satisfies the third equation for some µ ∈ R. Thus, choosing a manifold F of dimension r and with Ricci curvature µ, we can construct a Einstein manifold B × h F .
In [5] , the authors classified the Einstein Riemannian warped products when the base is locally conformally flat. Already, in [12] , the authors studied in Einstein semi-Riemannian warped product when the base is conformal to an n-dimensional pseudo-Euclidean space.
In [10] , the authors had already shown necessary and sufficient conditions for a Riemannian product warped M = B × f F to be locally conformed flat, and these conditions impose strong restrictions on the base and the fiber.
In [7] , the authors have proved that any complete locally conformally flat quasiEinstein manifold of dimension n ≥ 3 is locally a warped product with (n−1)-dimensional fibers of constant curvature.
In this paper we will generalize the work of Sousa and Pina (see [12] ) presenting a family of Einstein semi-Riemannian warped product whose base is not locally conformally flat. We will study quasi-Einstein manifolds in order to construct new examples of Einstein manifolds using the result obtained in [6] , which are also valid in the semi-Riemannian case. Due to the conditions in [10] , we will use warped product metrics in an attempt to obtain quasi-Einstein manifolds that are not locally conformally flat. Thus, in the end we get examples of Einstein semi-Riemannian manifolds with warped product metric, where the base is a quasi-Einstein manifold (warped product) that is not locally conformally flat.
Initially, we proved that if in a non trivial warped product (B × f F, g) exists a function These Einstein manifolds can also be seen as multiply warped products with two fibers, and are solutions in the vacuum case (T = 0) of the following equation
where K is the scalar curvature of g and T is a symmetric tensor of order 2.
Main Statements
In what follows, we state our main results. We denote by f, x i x j , ϕ, x i x j and h, x i x j the second order derivative of f , ϕ and h respectively, with respect to x i and x j .
and if there is at least one pair of vector (X i , X k ) of the base such that
0, than h depends only on the base.
As an application of Theorem 2.1 we prove that under some condition on the torsion function, in a non trivial warped product quasi-Einstein, the fiber is Einstein. 
Then M is a quasi-Einstein manifold with
if and only if the functions f , ϕ and h satisfy:
As the problem posed is difficult to be studied in the general case, one way of treating the problem is to try to find solutions that are invariant by subgroups of isometries of the space. In this sense, we will try to find solutions invariant by the action of an (n − 1)-dimensional translation group.
We want to find solutions of the system (5), (6) and (7) of the form f (ξ), h(ξ) and
, without loss of generality, we may assume that
The following theorem provides the system of ordinary differential equations that must be satisfied by such solutions.
In the following three results we describe all the solutions of (8) when ρ = 0 and F m is a Ricci-flat manifold. In the first two theorems, we studied separately the cases r = 1 and r = 1. 
are defined on the half space defined by
.
where 
Let us present two examples illustrating the Theorem 2.8. Let f (ξ) = k 1 e Aξ and
In this case, the equation (14) becomes
Then h is given by h(ξ) = c 1 e
]ξ , where c 1 , c 2 ∈ R. By Theorem 2.8,
is a quasi-Einstein manifold with ρ = 0 and F Ricci-flat.
In [2] , the authors considered ε 1 = −1, ε 2 = 1, α 1 = α 2 = 1, and α l = 0 with ]ξ , with c 1 , c 2 ∈ R. Therefore,
is a complete quasi-Einstein manifold, where f (ξ) = e
which is an Cauchy-Euler equation. Then h is given by
and c 1 , c 2 ∈ R. By Theorem 2.8,
In the next two results we used the quasi-Einstein manifolds explicitly obtained in 
explicitly given by (10) or (11), or implicitly given by (14) and defined in space {ξ
Proofs of the Main Results
Proof of Theorem 2.1:
, where L(B) and L(F ) are respectively the lift of a vector field on B and F to B × F , we have
How for hypothesis
and for definition
where ∇ is the connection of M, since (see [4] )
we have
Using (16) and (17) we obtain
If h = h(x 1 , . . . , x n ) then the equation (18) is trivially satisfied. Suppose that there is at least one y j , with 1 ≤ j ≤ m such that h,
In this case, it follows from (18) that
Integrating (19) in relation to x i we obtain ln h,
this is,
Fixing i and j in (20) and deriving in relation to x k with k = i, we obtain
Using (19) we have
l, x k = 0, and this means that l does not depend x k , this is
Repeating this process we obtain that l depends only on the fiber. Therefore
with 1 ≤ j ≤ m. Integrating (21) in relation to y j , we obtain
Using the first equation of (15) we have
proving that Hess g h(X i , X k ) depends only on the base, ∀i, k = 1, . . . n. Thus, considering j fixed in equation (22) we have
On the other hand, ∀i, k = 1, . . . n we have
Since m = m(ŷ j ), using the definition of the Hessian get that
and as
Using (23) and (24) we obtain that
We have for hypothesis that there is at least one pair of vector (X i , X k ) of the base such
but this is impossible. Therefore h, y j = 0, ∀j = 1, . . . , m e ∀p ∈ M. Consequently h depends only on the base. This concludes the proof of the Theorem 2.1.
Proof of Corollary 2.1. If (M, g, h, ρ) is a quasi-Einstein manifold, M satisfy
and
(see for example [4] ). Replacing Ric g (Y, Z) in (25) we have
It follows from (26) that F is Einstein if and only if 
This concludes the proof of Corollary 2.1.
Proof of Theorem 2.2:
Assume initially that m > 1. It follows from [4] 
, where L(R n ) and L(F ) are respectively the spaces of lifts of vector fields on R n and F to R n × F , then
It is well known (see, e.g., [1] ) that if g = 1 ϕ 2 g , then
Considering a parameterization (x 1 , . . . , x n , y 1 , . . . , y n ) of M, and denoting by
Recall that
where Γ k ij are the Christoffel symbols of the metric g. For i, j, k distinct, we have
Therefore,
Substituting (28) and (29) into the first equation of (27) we obtain
On the other hand,
∀i, j = 1, . . . , m. Substituting (32) in the third equation of (27), we have
where
On the other hand, since (M, g, h) is quasi-Einstein, we have
and as h : R n → R, we have
By substituting (30) and the first equation of (35) into (34), we obtain (5). Again using (31) and the second equation of (35) in (34) we get (6) . Now for X i ∈ L(R n ) and
In this case equation (34) is trivially satisfied.
Taking Y i , Y j ∈ L(F ) with 1 ≤ i, j ≤ m and using the last equation of (27) and the equation (34), we have
Being F Einstein, we should have
By substituting (33) and (36) into (34) we obtain (7).
The converse of this theorem can be easily verified.
In the case m = 1 just note that, being V ∈ L(F ), we have
In this case the equations (5) and (6) remain the same and equation (7) reduces to
This concludes the proof of Theorem 2.2. f,
Substituting in equation (5), we have (n − 2)f hϕ
If there is any i = j such that α i α j = 0, then this equation becomes
In the same way, considering equation (6) Therefore, we obtain the first equation of (8) . The equation (7) continues being
Then we conclude that the system (40) prevails. This concludes the proof of Theorem 2.3.
In order to prove Theorems 2.4 and 2.5, we consider functions f (ξ), h(ξ) and ϕ(ξ), 
